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. Introduction
In this note some o©ld and new results concerning Hurwltz's

9

generallization of the zetafunction of Riemann

P

}

A0 (n+a)®

H®

(1.1) r(s,a) ¢

will be discussed.
For simplicity, we shall suppose that a » O. The definition (1.1)
holds for Re s »>1 but the following analytic continuation can

easily be obtained

.{...
O s-71_az
(1.2) g(sja) = Qﬁilﬁl. l' Emmm%wmw dz.
2wl - Q0 1-e°

Hence ((s,a) has a simple pole at s=1 uith thc residue +1.

We note the following simple relation

I ‘%::__/l
| . e I ~

(1.3) T (s,a) = S(s,a+m) + , (n+e
N=0

where m 18 a posiltive integer. This so-called shift-rule can be

successiully avplied in many numerical applications.

We shall »nrove Tthe following well-known asympntotic expanscion

N B rM(o+s-1)

1.4 r(s) (s,a) = Y ———  _ + R
( ) ( ) ‘_,( ) / ni(am”])n+swq N

where N dis even, The remainder is less in absclute value than the
'irst omitted term. We note that the RBernoullian cocfficients Bn
in (1.4) are defined by the generating function

_ CO B
( /l & 5 ) ‘""‘""".t"""""""‘""‘""t - j’iw ""'n"""}";']“ t H @
e -7 =0 )

The expansion (1.4) is valid for all s and a with the cexceotion of
course or s=71. The practical applicability of (1.4) can be greatly
enhanced by using the shift rule. We have by combining (1.3) and
(1.4)
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¥) Whittaker and Watson. Modern Analysis. 13.11.
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(1.6) M (s) {S(Sﬁa) =" (s) S: (n+a) "+ E:. nts -
' N=0 n=0 n!{(m+a-1)

where m is an arbitrary integcer.
Next we shall prove the convergent expansion of K(sﬁa) in &
ffaculty series, This result 1s »nrobably new.

0O
(/laT) P(S) E(Sﬁa) = E.._ CN B(aﬁn'{"g“ﬂ)ﬂ
N=0

where The coecfflcients c, are defined by their generating function

S - OO0

(1.8) élmumqln(ﬂmu)% = :a# cnun :
- N=0
The first few coefficients arec
- 3 — A | — PRI
(1.9) c =1 cqmg(s 1) C o= §ﬂ-(s 1)(3s+2) .

They can be calculated from the recurrent relation

N ="
B z:* n(s-1)-sk _
(1.10) HCn = Ve Nn-K+-] ko
Thelr asymptotic behaviour 1s
I 7 LS - —
(1.11) C, = ﬁ%gé?‘iln(“+3“q)j d~{ﬂ+0(ln ﬁn)} :

We note tThat for s=2 the ¢, are very simple, viz.

(1.12) e = (n+1)7, s=2.

The series (1.7) converges for all values of s, again with s#1.
The case with which the generalized zZetafunction can be
computed by using either (1.6) or (1.7) gives the possibility of a

simple and accurate computation of the two functions

Y0 #“""O"‘"‘Q’ - -
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(1.14) S(x,s
' N=" g

1f s 1s a small positive constant.
We shall write

(1.15) F(x,s)

Then 1t follows from a result of Hurwitz ) That
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) Whittaker and Watson l.c. 13.15.

et C({x,s) + 1 S(x,s).
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{ l" Y s ﬂ ---':}'" i — ] )
(1.16) F(x,s8) = ﬂLliElw-*eﬁw(q S)lg(ﬂmsﬁx)+e 57 S)lg(ﬂmsﬁﬂux);'
1-58 i J
(27)
valid for O «x <1,
II' e.g. the asymptotic exvansion (1.6) is anplied upon (1.16) we
obtain _ - ==l S =]
C(x,s) = (2w) "(1-8)sin %ﬁa*j ;| n+x] -
(1.17) co B r(n-s) S 7
4- .f........... nl? =T ) ) (I11~’1+X>S“n+ (m-—-x)smn};j
Nn=0 - -
and a similar result for S(x,s).
1 & 1s a positive integer the result follows by a simple 1imite
operation.
Flnally a simple proof will be given of two expansions due to
Lindelof
S -] o . ( S - "‘-'\q")'"” S ~ 7 , ) MJ
(1.18) C(x,s) = (2%) P(ﬂms)alngrcs-lx -2 ;Lb (éj ) ((2]+1-8)x %
Jm

and

(/}¢J]9) S(:;ﬁs> e (ETC")SWMI [“(]“S)COE}E = {}{Sw/l_}_g} 3*......,..

whilch are convergent for Q< x <.
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2. From (1.1) it follows that for Re s » 1

. e ' S M /!
(2.1) F(s) %(s,a) = JF — 7 dt.
O 1=
Since
, N B B,
T < T . n N N+2
(2.2) U s L g7 Fxay n
c - O
for even N and | 9| <1, we obtain
N B CO .
. - 4 —c1 N+S - :
f(s) Y(s.,a) =) — J ¢ T oghtEmegy remainder,
o 7 O

from which (1.4) easily follows.

If in (2.1) the substitution t=-1n(1-u) is made we obtain

, SO R
(2.3) C(s) T(s,a) = |/ (1-u)" 7" yRTE f(u)du,
O
rrhere
S 2 L 1 y 1 8-
(2.4) f(u) =1 - = 1n(1-u)} @

I f(u) is expanded in the power series

o
/ - . < I
(2.5) f'(u) = C_u
%:b :
where
~ ™) jﬁ:.. . ~y /‘ e 4 by
bo — 1 (J,]m";_f(s;)“/i) (ng —?‘E(u“])(_)ﬁ“!‘g) etCa

we obtaln a convergent expansion of the right-hand side of (2.3) in
a fraculty series viz,

0o
(2.6) T (s) T(s.,a) = ) ¢ Bla,ntes-1),
N=0 L

Q¥

(2.7) [(s,a) =

S+ )
d

I'ne recurrent roclation (1.10) can be derived in the following
f{u) yields

Way. Logarithmic differentiation of 11"

Substitution of (2.5) gives the identity

SE -1 S +-Q —~ €x . 0 e
, 571G 5 (k+s=-T)e, ks QM(qu)ZLMUJ ;Z;CI S
J=7 =0 j=1 k=0 ©
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Comparison of the coefficient of equal powers on both sides leads
at once to the relation (1.10).

The asymptotic behaviour (1.11) of c, can be found from
Ccauchy's formulsa

(2.8) e = 2_15_ $ 275" _1n(1-2)} ° asz,

where the path of integration is a small circle around the origin.
The integrand has a branchpolint at z=1 and the contour can be de-

formed into & path along the upper and lower sides of the cut from
1T to +00. This gives

CO |
- Bl “J:’" - r
(2.9) T C,. = Im J[ c~(ns-)t ,
g
O
The asymptotic behaviour of the right-hand side is determined by
the nature of T{--rf::.::"i_-—---l‘n(e:t------”\)?‘CSW/l

J
Slince S -7

g;"'zr.:;j”‘_-------l'n(et---"ﬂ)}S"Ml = (1n %J §1+ %;:%%%&*+'O(l““2 %J?
we have asymptotically

(2.10) 0 e (8-1)11n(n+s-1)]
Nn+s -7

at The origin,

"™

For s=2 the right-hand side of (2.10) gives also the right expres.ion.

An amusing particular case of (2.06) is obtained for s=2 and
a=m=positive integer. It follows easily that

Q0 CO

(2.11) e b Y EE—
N=n n k=0 (k+1) " (k+2) ... (l+m)
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3. Quoting Hurwitz's result )

(3.1) v(s,a) = 2(2w)5 " (1-s) { siniws C(a,l-s)+cos.ws S(a, i-8)7.

P
G = =

1T can easlily be deduced that for O <« x <«

(3.2) C(x,s) = (ETE;)S“/IF‘(ﬂws)sil']é*ms -fr T(1-8,x)+ T ("'1-—-8{%--—}»1)} 5
and
(3.3) S(x,8) =(2w)° ' (1-s)cosins { 7(1-8,%) - §(1-5,1-x)} .
These two formulae may be combined into the singlc rec-rtlon
(1.16).
From
L s onxxi
(3.4) F(x,s) =C(x,s) + i S(x,s8) = 2 n =~ e~ "’
="
1T follows that for any positive integer m
m- i -» ..,
(3.5) > F(x+ i%ﬁs) = m’i“SF(mxﬁs)u
J=0
Further we have
(3.6) F(1-x,8) = F (x,s),

where F  denotes the complex conjugate of F.

For m=2 it follows from (3.5) by using (3.6) that

e ¥

(3.7) F(x,s) = 2°7 1 F(ix,8) + FF(h-lx,s)]

_———— ""1‘ _';
ol

1
g

This means that it is sufficient to calculate F(x,s) for x 1in the
interval (0,1/3) only.

Next a simplc proof will be given of Lindeldf's expansions
(anB) ana (ﬂ,ﬂ9), e have for O« a <71

{(8,a) = a”® 4 Z: rfﬁs(ﬂ+-%)“g =
N="1
B R U B
n="1 J3=0
o9) . o0 L
- a™® ¢+ 7 (TP)yad ) o7
j=0 . n="}
SO That
CO “
i, 1 - . “BN o
(3.8) ((s,a) = a "+ Z_; (77) $(g+s)a’.
Jr:.:

In a similar way we have
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= -8, |
(3.9) lss1-a) = 5 (757) §(3+s)(-a)d.
=0

Substitution of (3.8) and (2.9) in (3.2) and (3.3), changing s in

1-s,ylelds at once the expansions (1.18) and (1.19).

We shall also give an indenendent »nroof which makes no use

of the relation of Hurwitz. Ve start from
OO kil

{* - ~r e f MMW@ S -7
§ (u) F(:‘“&.‘?S) - J t E_W_Xi t dtw
O SHESG
Since eQmXi é@x( _—
BT s vl .ﬂ..}...,,._.... t"‘g(ﬂl“l‘}u.)ﬂl
Jb_gowxi — 4 ) J
we have oo o6 o
T g £ 7 j
F(XSS) == Zm | J T C -
M= — Pr(s) o  t-2(m+x)wi
CO _
= (1-8) s {~2(m+x)m;}s L
M= — OO
— TE-Q« / — — —— ‘x - — 1)
= [ (1-s) { (-enx1)®7 e Y f1° H1-2)5 7 ea TS ()5 (om) S
M= "}
% Q@ 7 . Sy ] o
:mr‘(ﬂws)(2m)°mqg(mx )qu+£:Lm Z;(S l)aosgm(a+3—l)(1X)Jm ;]1}ﬁ
y m="1 Jj=0 :
SO That
) S-1 ¢ -1 % 3 - , , E J [
F(x,8) = M(1-8)(2w) 1(wx¢) 2 ) | )sinsw(s+J) 5 (j+1-8)(ix)

By taking the real and the imaginary part the relations (1.18) and
(1.19) follow at once.



